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In this work, energy distribution and thermodynamics are investigated in the Schwarzschild black
hole spacetime when considering corrections due to quantum vacuum fluctuations. The Einstein
and Møller prescriptions were used to derive the expressions of the energy in the background.
The temperature and heat capacity were also derived. The results show that due to the quantum
fluctuations in the background of the Schwarzschild black hole, all the energies increase and Einstein
energy differs from Møller’s one. Moreover, when increasing the quantum correction factor (a), the
difference between Einstein and Møller energies, the Unruh-Verlinde temperature as well as the heat
capacity of the black hole increase while the Hawking temperature remains unchanged.
PACS numbers: 04. 70. Dy, 04. 20. Jb, 97.60.Lf
The localization of energy and momentum in general
relativity is one of the oldest problems in gravitation
which still lacks a definite answer. The key point for
the issue is whether the energy of spacetime may be lo-
calized or not. It was Sarracino and Cooperstock and
other researchers that pointed the possibility that the
energy is localizable[1]. Through the years, many efforts
were made to develop truly invariant general prescription
for gravitational field energy localization[2–8]. Using the
various prescriptions, many researchers derived energy
and momentum expressions in various spacetimes[1, 9–
24]. The obtained results show that for general Kerr-
Schild class of spacetimes, the expressions of the energy
coincide for all of the prescriptions except for the Møller’s
prescription. This divergence guides such investigation
leading to the choice of an appropriate result for such
spacetime[25]. Theoretical studies on black holes have
attracted substantial attention since the advent of gen-
eral relativity. The investigation of energy distribution in
black holes spacetimes is one of the hot topics in modern
physics.
Black holes are thermal systems, radiating as black
bodies with characteristic temperatures and entropies.
During the past 40 years, research in the theory of black
holes in general relativity has brought to light strong
hints of a very deep and fundamental relationship be-
tween gravitation, thermodynamics, and quantum the-
ory. The cornerstone of this relationship is black hole
thermodynamics, where it appears that certain laws of
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black hole mechanics are, in fact, simply the ordinary
laws of thermodynamics applied to a system containing
a black hole[26]. All over the last decade, there have
been several outstanding approaches toward a statisti-
cal mechanical computation of the Bekenstein-Hawking
(BH) entropy[27–30]. Black holes as thermodynamical
systems are widely found in the literature[27–40].
We know that the vacuum undergoes quantum fluctu-
ations. This phenomenon is the appearance of energetic
particles out of nothing, as allowed by the uncertainty
principle. Vacuum fluctuations have observable conse-
quences like Casimir force between two plates in vacuum.
Due to quantum fluctuations, the evolution of slices in
the black hole geometry will lead to the creation of par-
ticle pairs which facilitates black holes’ radiation[41].
Recently, Wontae and Yongwan[42] investigated phase
transition of the quantum-corrected Schwarzschild black
hole and concluded that there appear a type of Grass-
Perry-Yaffe phase transition due to the quantum vac-
uum fluctuations and this held even for the very small
size black hole. More recently, we investigate quasi-
normal modes of a quantum-corrected Schwarzschild
black hole and show that the scalar field damps more
slowly and oscillates more slowly due to the quantum
fluctuations[43, 44].
In this paper, the energy distribution and thermody-
namics of a quantum-corrected Schwarzschild black hole
are investigated in order to highlight the energetic and
thermodynamical behaviors of the black hole when the
vacuum fluctuations are taken into account.
According to the work of Kazakov and Solodukhin on
quantum deformation of the Schwarzschild solution [45],
the background metric of the Schwarzschild black hole is
defined by
ds2 = f(r)dt2 − f(r)−1dr2 − r2(dθ2 + sin2θdϕ2), (1)
2where
f(r) = −2M
r
+
1
r
∫ r
U(ρ)dρ. (2)
For an empty space, U(ρ) = 1. Thus we obtain the
Schwarzschild metric
ds2 =
(
1−2M
r
)
dt2−(1−2M
r
)−1
dr2−r2(dθ2+sin2θdϕ2),
(3)
where M is the black hole mass. The event horizon of
the black hole is localized at rEH = 2M .
Taking into account the quantum fluctuation of the
vacuum, the quantity U(ρ) transforms to [42]
U(ρ) =
e−ρ√
e−2ρ − 4
pi
GR
, (4)
where GR = GN ln(µ/µ0), GN is the Newton constant
and µ is a scale parameter.
The background metric of the quantum-corrected
Schwarzschild black hole can then be read as
ds2 = f(r)dt2 − f(r)−1dr2 − r2(dθ2 + sin2θdϕ2), (5)
with f(r) =
( − 2M
r
+
√
r2−a2
r
)
and a2 = 4GR/pi. The
event horizon of such black hole is located at the radius
rEH =
√
4M2 + a2. It is clear that the area of the event
horizon increases with the quantum-correction parame-
ter, a.
The energy-momentum complex from Møller’s pre-
scription can be derived as[11, 14]:
τµν =
1
8pi
εµλν,λ, (6)
where the superpotentials are
εµλν =
√−g(∂gνσ
∂xk
− ∂gνk
∂xσ
)gµkgλσ. (7)
The energy of the physical system in a four-
dimensional background is given by
EM =
∫ ∫ ∫
τ00 dx
1dx2dx3. (8)
Substituting equation( 5) in ( 7), the Møller’s energy
distribution for the quantum-corrected Schwarzschild
black hole can be written as:
EM = M +
a2
2
√
r2 − a2 . (9)
The energy distribution from Einsten’s energy-
momentum complex is[2, 14]:
θµν =
1
16pi
hµlν,l, (10)
where
hµlν = −hlµν =
gνn√−g [−g(g
µnglm − glngµm)],m. (11)
Since Einstein’s energy-momentum complex is re-
stricted to quasi-cartesian coordinates, we can express
the above metric( 5) in quasi-cartesian coordinates de-
fined as: 

T = t+ r − ∫ f(r)−1dr
x = rsinθcosϕ
y = rsinθsinϕ
z = rcosθ
(12)
The metric can then be expressed as:
ds2 = −dT 2 + dx2 + dy2 + dz2
+(1− f(r))
[
dT − xdx+ydy+zdz
r
]2
.
(13)
The energy of the physical system is, once again, given
by the formula
EE =
∫ ∫ ∫
θ00dx
1dx2dx3. (14)
θ00 is evaluated using equations ( 10), ( 11) and ( 13)
and substituted in ( 14) to get the energy
EE = M − 1
2
√
r2 − a2 + r
2
. (15)
The behavior of these energies is represented on Figs.
1 and 2.
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FIG. 1: Behavior of Einstein and Møller energies versus the
radial position r for M = 1.
These figures show that the energies decrease when
increasing r and for fixed r, Einstein energy is greater
than Møller energy. At the event horizon, r = rEH =√
4M2 + a2, the two energies coincide when a = 0 and,
for a 6= 0, the gap between the two energies increases
when increasing a.
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FIG. 2: Behavior of Einstein and Møller energies versus the
quantum correction parameter a for M = 1 and r = rEH .
The temperature of the black hole is given by the
Unruh-Verlinde matching[46–49]
T =
~
4pir2
(2M +
a2√
r2 − a2 ) (16)
Its behavior is represented on Fig. 3.
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FIG. 3: Variation of the temperature versus the radial posi-
tion r for different values of the quantum-correction parame-
ter a.
Through this figure, we can see that the temperature
decreases when increasing r. Moreover, when increasing
the quantum-correction parameter a, the temperature in-
creases.
The Hawking temperature is the temperature at the
event horizon. The horizon radius rH of the quantum-
corrected Schwarzschild black hole is given by
rH =
√
4M2 + a2. (17)
Using this expression, the Hawking temperature reads
TH = T |r=rH =
~
8piM
, (18)
which corresponds to the Hawking temperature of the
Schwarzschild black hole free from any kind of correction.
The entropy of the black hole is given by
S =
A
4
= pir2H = 4piM
2 + pia2. (19)
Substituting Eq. (19) into Eq. (18) yields
TH =
~
4pi
(
S
pi
− a2
)− 1
2
. (20)
The heat capacity of the black hole is
C = TH
(
∂S
∂TH
)
= −2S + 2pia2. (21)
We can clearly see that the quantum vacuum fluctuations
contribute to the heat capacity of the black hole by a
positive quantity Ca = 2pia
2.
In summary, we have studied energy distribution and
thermodynamics for the Schwarzschild black hole when
considering quantum corrections due to the quantum vac-
uum fluctuations. Concerning energy distribution, we de-
rived the energy from Einstein and Møller prescriptions.
Their behaviors show that when a = 0, the two ener-
gies coincide (EE = EM = M). When introducing the
quantum-correction to the black hole, the Møller energy
becomes greater than the Einstein energy, and the differ-
ence increases when increasing the quantum-correction
parameter a (see Figs. 1 and 2). The event horizon radius
of the black hole as well as its Unruh-Verlinde temper-
ature increase with the quantum-correction parameter.
The Hawking temperature stays unchanged although the
horizon changes. The heat capacity increases with the
quantum-correction parameter. Thus we can conclude
that quantum vacuum fluctuations generate positive en-
ergy increasing the energy of the black hole and help sta-
bilizing thermodynamically the black hole. At the event
horizon, quantum vacuum fluctuations increase the ener-
gies (see Fig. 2) without changing the Hawking temper-
ature which remains proportional to the inverse of the
black hole mass.
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